arXiv:hep-th/0112008v2 31 Jan 2002 


IHES/P/Ol/48 

LPT-Orsay-01/108 

OUTP-01-38P 

hep-th/Onro 


Stress Energy tensor in 

Sugawara 


LCFT and the Logarithmic 
construction ^ 


Ian I.KoganQ and Alexander NicholsQ “ 


“ Theoretical Physics, Department of Physics, Oxford University 
1 Keble Road, Oxford, 0X1 3NP, UK 
^ IHES, 35 route de Chartres, QlffO, Bures-sur-Yvette, France 
Laboratoire de Physique Theorique, Universite de Paris XI, 
91405 Orsay Cedex, France 


Abstract 

We discuss the partners of the stress energy tensor and their structure in 
Logarithmic conformal field theories. In particular we draw attention to the 
fundamental differences between theories with zero and non-zero central charge. 
However they are both characterised by at least two independent parameters. We 
show how, by using a generalised Sugawara construction, one can calculate the 
logarithmic partner of T. We show that such a construction works in the c = — 2 
theory using the conformal dimension one primary currents which generate a 
logarithmic extension of the Kac-Moody algebra. 
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1 Introduction 


The study of conformal invariance in two dimensions has been an extremely interesting 
and fruitful area of research for the last twenty years |]^. 

During the last ten years an interesting class of conformal held theories (CFTs) 
has emerged called logarithmic conformal held theories (LCFTs). In [^] the concept of 
LCFT was introduced and the presence of logarithmic structure in the operator product 
expansion was explained by the indecomposable representations that can occur in the 
fusion of primary operators. These occur when there are helds with degenerate scaling 
dimensions having a Jordan block structure. It was shown that in any LCFT one of 
these degenerate helds becomes a zero norm state coupled to a logarithmic partner ^j. 
This together with another property - extra (hidden) symmetries coming from 

extra conserved currents in our theory, will be important for our analysis of the stress- 
energy tensor structure in LCFT. 

LCFTs have emerged in many diherent areas such as: WZNW models and gravi¬ 
tational dressing ^-0, polymers |jTT|-^, disordered systems and the Quantum Hall 
ehect |||,p!5|-p7i, string theory 0], pSl- [0^, 2d turbulence 
at low-x 


37-41|, multi-colour QCD 


^ and the Seiberg-Witten solution of A/" = 2 SUSY Yang-Mills 
Deformed LCFTs, Renormalisation group hows and the c-theorem were discussed 
in [Q, The holographic relation between logarithmic operators and vacuum 

instability was considered in 0^,^ 

There has also been much work on analysing the general structure and consistency 
of such models in particular the Cp^q models and the special case of c = —2 which is 
by far the best understood P5| , |^T| -^. It is unclear as yet how much of the structure, 
for instance the role of extended algebras, is generic to all LCFTs. For more about 
the general structure of LCFT see [54-^ and references therein. Introductory lecture 
notes on LCFT and more references can be found in 


58-60 


One of the interesting features of LCFT is the existence of the above-mentioned 
hidden symmetry which means there are extra fields with integer conformal dimensions. 
These may play a role as extensions of the chiral algebra m- One can even get extra 


states with zero dimension which means that we have a theory with a non-trivial 
vacuum. These operators play a prominent role in the Quantum-Hall effect p0|,^ . In 
this case the descendents of this extra zero dimension operator may form logarithmic 
pairs with currents or higher dimension helds. It is therefore interesting to see what 
will happen in the case of the stress tensor itself - can it have logarithmic partners or 
not? - and will these partners be primary helds or descendents. 

In this paper we shall address this issue and try to suggest some kind of classihcation 
for LCFT based on the structure of the vacuum and the character of the degeneracy 
of the stress-energy tensor. 

In particular the structure of the partners to T in LCFTs with non-zero central 
charge and LCFTs with zero central charge behave very diherently. The second class. 
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c = 0 theories, are a very special sub-class of LCFTs. They are of utmost importance 
for both disordered systems and critical strings. We shall see that at c = 0 in order to 
get a non-trivial theory there must exist a state which is orthogonal to T and is not 
a descendant of any other held. There could of course also be other states which are 
descendants but these are not required by general arguments. The appearance of such 
a state is characterised by at least two coefficients. We shall discuss the arguments 
presented in |T^-|^ concerning the existence of a logarithmic partner t for the stress- 
energy tensor. In particular the emergence of logarithmic behaviour is not universal if 
we can decompose the theory into a sum of non-interacting sectors. It is the mixing 
between these sectors which makes the theory logarithmic. This issue was previously 
discussed in string theory with a ghost-matter mixing term [^ ,|62 . 


For c 7 ^ 0 we can have a logarithmic partner of T which is a descendent held. There 
is at least one parameter involved in determining the exact form of this descendent 
held. However once it is determined the central charge then completely hxes the OPE 
between T and t. 


We also discuss a generalisation of the Sugawara construction in logarithmic theories. 
It will be shown how the presence of extra currents will allow us to calculate the 
logarithmic partner t. Moreover as we shall demonstrate explicitly in the c = —2 
model this can be done in a theory which does not have a Kac-Moody symmetry. 


2 Towards the classification of LCFT 

LCFTs can be naturally divided into classes based on the dimension of the Jordan 
blocks involved. Here we shall concentrate on the case of rank 2 (one logarithmic 
partner) however it is obvious that our results will generalise to higher rank Jordan 
cells. It is perhaps still an interesting problem to understand if there can be a more 
complicated structure at higher rank. 

These theories can be further grouped, as we shall explain in this paper, into four 
distinct categories in which the stress tensor and its partners have different structures: 

• c = 0 Theories 

— OA: Non-degenerate vacua: {SU{2)o, Disordered Models ??) 

— OB: Degenerate vacua {OSp{2\2)k for certain k) 

• c 7 ^ 0 Theories 

— lA: Non-degenerate vacua 

— IB: Degenerate vacua (cp^i). 
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Throughout this paper we use the notation that non-degenerate and degenerate refer 
to the single vacuum and the vacuum with logarithmic pair respectively. There may 
also be other primaries at h = 0 with a trivial Jordan cell structure and we do not 
consider this possibility here. We shall also only concentrate on the chiral OPEs and 
correlators for simplicity. It is however an important and interesting question as to the 
full non-chiral structure |163 |. 

Only in the case of the Cp^i models and in particular the c = —2 triplet model has 
the structure of the theory been fully elucidated. For the others some of the structure 
is known from explicit correlation functions. As far as we are aware there has been no 
examples of type lA in the literature. It is easy to see that a logarithmic partner for 
T can only exist in cases OA, OB, IB hj the following simple arguments. 

If T has a logarithmic partner then T itself must be a zero norm state 


{T{z)T(w)) = 0 

Now consider the standard OPE for the stress tensor 

c / 


T(z)T(w) 


2T(w) ^ ar(u') 


( 1 ) 


( 2 ) 


2 {z — wY {z — wY z — w 

where I is the identity operator. For consistency with (^) we see that we must have: 

c(J) = c(0|J|0) = c(0|0) = 0 (3) 

For c 7 ^ 0 this implies that the vacuum |0) must have zero norm and thus must be 
part of a logarithmic pair which excludes case lA. Thus partners to the stress tensor T 
cannot occur in type lA theories. For this reason in the next section when discussing 
non-degenerate vacua we shall only discuss the case of c = 0. 


3 Non-degenerate Vacua and c ^ 0 limit 

3.1 c = 0 Catastrophe 


Here we review the construction given in For a primary field of conformal 

dimension h we use the normalisation: 


{v(z)vm = A 


Then if we consider the correlator: 

{Tiz)VizYV{z2)) = 


A h 


{z - ZiY{z - Z2 Y{zi - Z2) 


2 h-2 


(4) 


(5) 
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The coefficient of the three point function is uniquely fixed by considering the limit 
z —> and using the property of a primary held: 


T{z)V{w) ~ 


hV{w) 
{z — wy 


dV{w) 
z — w 


+ ... 


( 6 ) 


We now use: 


(T(z)T(O)) 


2 ? 


c 


( 0 | 0 ) = 1 


(7) 


and are explicitly using the fact that the identity held has non-zero norm. If T is the 
only h = 2 held present in our model we can deduce: 


V(z)V(0) 


■y2h 


1 + ‘^Z^T{0) + 

C 


( 8 ) 


Clearly for c = 0 if A(0) y Q then the above OPE becomes ill-dehned. However 
suppose that as c approaches zero there is another held T with dimension 2-|-q;(c) that 
approaches 2. Then for c 7 ^ 0 we have: 


V{z)V{0) ~ 


z2h 


1 + —z^T(0) + 2f • • • 
c 


(9) 


We shall normalise the operator T in the following way: 


{f(z)f{0)) 


1 B(c) 


( 10 ) 


The equation (|^) now can be expanded for small c. We assume here that H(0) is 
non-zero and discuss exceptions later. 


91(0) 


r(.-)r(o) ~ ^ + —r 


y2h 


y2h 


2 h 

_^-«h) 2 -( 0 ) + 2T 
c 


T2) + T2),9+«(o) 


y2h 


y2h 


, ,2h, ^ 2h^ ~ 

-aic )— \xizT -\ -T -|- 2T 

c c 


+ ■■■ 


( 11 ) 

( 12 ) 


As we wish the limit c —>■ 0 to be well dehned we must have a well dehned value for: 


b ^ = — lim = —cxTO) (13) 

c^O c 

If b also vanished then one would have to introduce a third partner to T but this would 
no longer be a rank 2 structure. 

The other part of the expression must also be regular in the limit c —0 and we 
dehne this to be proportional to a new held t via: 

h=-T + f ^t=-T + \-f (14) 

be c h 
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We can now calcnlate the two point fnnction: 


(T(z)t(O)) = {t{z) 
b 


b b ~ 
-T + -T 
c n 


{0)) = -JT(z)T{0)) 


( 15 ) 


where we nsed the fact that (T{z)T(0)j vanishes as they have different dimensions. 
Also: 


mm) = 


6 6 ~ 


\b 6 ~1 

-T + -T 

i^) 

-T + -T 

c h 


c h 


( 0 ) 


5 (r(z)T(o)) + ^ (f{z)f{0) 


b^ 1 b‘^B{c) 1 

2 c Z^ 2 ; 4 + 2 «( c ) 

62 1 b‘^B{c) 1 

2c 
1 


(1 — 2a(c) In^; + • ■ ■) 
2 


(16) 


62 ^ b^B{c)\ 2b^B{c)a{c) ^ , 

J^c + " 


As this is to be well dehned we see from the hrst part that we mnst have: 

B[c) = — 2 ^^ Bic + ■ ■ ■ 

Now nsing ([I^) the 0(1) term becomes —261nz. Thus we get the standard OPEs for 
a logarithmic pair: 


(T(z)T(O)) 

(T(z)t(O)) 

imm) 


0 

6 

Bi — blnz 


(18) 


The constant Bi can be removed by a hnite redehnition of t via f —^ t + yT. From now 
on we shall assume that this has been done. The OPE (P) now becomes: 


V{z)V(0) 


51(0) 


y2h 


l + ‘^z‘^ {TXciZ + t) 
6 


(19) 


which is now involves quantities that are perfectly well dehned in the limit as c —>■ 0. 
We can now continue and insist that t is also well dehned in the three point functions 
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(See Appendix). Assuming now that the algebra closes these are then sufficient to 
determine the OPEs. These are: 

+ r(o) ^ 3i(o) 

Z 

-b\nz , {l-4:lnz)t{0) + {^-2ln^ z-\nz)T{0) 
t{z)t{0) ~ + - 

1(1 - 4\n z)dt{0)+ -\n z-2\n^ z)dT{0) 

z 

The appearance of a state |t) = t |0) in this way is equivalent to postulating a loga¬ 
rithmic partner for the null vector T [^. This prevents T from decoupling despite the 
fact that it is a zero-norm state. Note that once one hxes: 




2 i( 0 ) 


( 20 ) 

( 21 ) 


L„ |«) = 2 |«) + IT) 


( 22 ) 


then the parameter b cannot be removed by rescaling and thus different values of b 
correspond to inequivalent representations. 

Let us note that in our notation parameter b is different by a factor of 2 from a 
dehnition given in |]^. We also want to stress that the t{z)t{0) OPE (^T|) is determined 
by two parameters a and b, not by only b as in |^. The constant term 2a/b cannot 
be removed by scale transformation - one can absorb it in In 2 ; term, but not into In^ 2 ;. 
One of the important open problems is to hnd if the classihcation of all c = 0 theories 
of this type can be reduced to the classihcation of all possible pairs (a, b). Let us note 
that the parameter a cannot be determined from singular terms in (pT]), but only from 


(PI), i.e. from the full 3-point functions of (T, t) pair (see Appendix). 


3.2 c = 0 and Separability 

There is a third rather trivial way out of the paradox at c = 0. It is simply that the 
full theory is constructed from two parts T = Ti © T 2 , c = Ci -|- C 2 = 0 both having 
Q 7 ^ 0. Then in the OPE of two helds from one part we will only see the stress tensor 
for that part rather than the full one. Operators in the full theory are just the direct 
product V = El © V 2 . Then: 


V{z)V{Q) = Ei(z)Ei(0) V2iz)V2{0) 
1 


1 

2h 


Z' 


1 + z'^ ( 


^ 2^1 


+ ••• 


1 + ^2^T2(0) + ---^ (23) 


Cl 


C2 


This expression is now perfectly well dehned as ci, C 2 7 ^ 0. Of course this is as expected 
as the two decoupled theories are perfectly regular. 
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In critical string theory the ghost and matter sectors are normally assumed to be 
non-interacting. However this may not be the most general if we wish to allow not just 
positive but also zero norm states in our hnal theory . 


4 Degenerate Vacua 


We review here the arguments of [Q, If the identity is degenerate (i.e. has a 
logarithmic partner) then we have: 


(r(z)r(o)) = — {/) = 0 

For non-vanishing correlation functions: 


{/) = 0 


(24) 


(r(z)r(0)) = 


y2h 


(25) 


then we must have the OPE: 


V{z)V{IS) ~ ^ 


2 h 

iuj + I\n.z) + —z^it -I- \nzT) + 
b 


(26) 


The leading terms in the expansion are hxed the form of the two point function (^5|) 
and by conformal invariance where the logarithmic pair of operators transforms as: 


Lq |a;) — |0) Lq |0) — 0 


(27) 


We write leu) for the state a;|0). The subleading term in the OPE are just the descen- 
dents of these primaries: 


|T) = L_2 |0) |() = L.2 |w) + ai-i |w> + 0L.2 |0) 


(28) 


where a, (3 are arbitrary coefficients. In particular the held t is not a primary and is 
purely a descendent held. 

Given (p8|j27|) and the standard Virasoro algebra: 


^)-f^m-|-n T f )*^n+m,0 


(29) 


we can easily deduce: 


Lo \t) = 2\t)+ \T) 

Li \t) = (3 -|- 2q;)L_i |a;) 

L2\t) = (46q;/ 3-) |0)-h - |a;) 


( 30 ) 


7 













These are equivalent to the OPE: 


T(2) i(0) 


jcu + (4 + 6tt + /3§)-^ 2tt)c?(u T T ^ dt 


{z — 


{z — wy (z — wy {z — w) 


+ ■■■ (31) 


The coefficient (3 can be removed by a simple redefinition of t, adding a multiple of T. 
We include it here only for later comparison. The parameter a cannot be removed in 
such a way. Thus we see that again we have a two parameter family parameterised by 
c and a. 

As t is now a descendent all properties of t are reduced, via the Virasoro algebra, to 
properties of co and O. Thus we can calculate the two point function: 

= 2 ( 7 ^ 


Thus we see that in c = 0 such a descendent field cannot prevent T from decoupling. 
It is easy to see that in c = 0 theories no descendent of any fields |A), \B), IC"),... will 
ever prevent T from decoupling. For general c we have: 


{T\t) = {L2 \{L_i\A) + L.2\B)+L_s\C) + ---} 

= (0| |3Li |A) + ^4Lo + 2^ I-®) + 5T_i \C) + ■ ■ - j (33) 

where we do not use any properties of the states | A), \B), \C) only the Virasoro algebra 
(^) and that the vacuum satisfies: 

(0| = 0 n < 1 (34) 


We thus conclude that in the c = 0 theories there must be a primary field of dimension 
2 which is responsible for the non-decoupling of T. Of course there may also be a part 
of the t field which is a descendent but this is not essential. 

A similar argument a A: = 0 shows that for SU{N)q there must be a primary field 
with non-vanishing two point function with J“. This is precisely the field found 
in 0. 


r{z)N\0) ~ 


^ab ^ rabcj\qc 

-h — - 

z"^ z — w 


(36) 


5 Logarithmic Sugawara construction 

As we commented earlier there is another way in which one may avoid the c = 0 
catastrophe. If A{c) in (|^) also vanishes in the limit then this may cancel the divergence. 








This is exactly what occurs in the Kac-Moody theories at level zero. For clarity we 
shall only discuss here SU{2)q although arguments are identical for general Lie groups. 

Uf^ab ■ fab jc 

r(z)j\0) ~ ^ -+ regular (36) 

[z — wy z — w 

The central charge is: 


3k 

k + 2 


(37) 


Thus for small c we have k = A{c) = 2c/3. The divergent term 1/c in front of T in 
(^) is exactly cancelled leaving a hnite result. This is expected because the Sugawara 
stress tensor is still perfectly well dehned in these theories. However in general there 
will be other operators whose two point function is non-vanishing e.g. ^j. Then 
by the previous arguments we must have: 


Kyz)Kyo) ~ - 


1 + -z‘^{lnzT{0) +t) + 
0 


(38) 


We see that it is possible by examining the 0(1) and 0{lnz) terms to read off the 
operators T and t. It then remains to compute their OPE and find the value of b that 
is realised in this system. 

This is what we call the general Logarithmic Sugawara construction. The normal 
Sugawara construction: 


J“(z) J“(0) ~ singular + T + ■ ■ ■ (39) 

allow us to construct T from primary currents J“. Given primary pre-logarithmic helds 
we can now produce both T and its logarithmic partner t. We must have a Inz 
factor in front of T to ensure both sides transform similarly under scaling: 

J°'{z)J°'{0) ~ singular + {Tinz + t) ■■ ■ (40) 


Using the free held representation it was shown in that although the stress tensor 
decomposes into two separate parts: 


TsU(2)o — Tc=2 + Tc=-2 (41) 

the correlation functions have a very non-trivial braiding due to the presence of the 
screening charges in the theory. It is not clear if the operator t in the full theory could 
also be written as a sum. 

In the next section we analyse the bosonic dimension one primary helds that exist in 
c = —2. We shall show that their OPE is of the above form and that we can calculate 
t from this explicitly. 
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6 Logarithmic Sugawara construction in c = —2 


6.1 Symplectic fermions 

We start from the well known symplectic fermion action : 

S' = ^ y (fz {d(j)^d(j)^ + d(j)^d(f>^^ (42) 

Thronghont we shall concentrate on the chiral sector of the above helds althongh 
it should be noted that since these have a non-trivial zero mode which couples the 
holomorphic and antiholomorphic parts creating a full non-chiral algebra. 

(I)^{z)(l)‘^{w) —\n{z — w) ~ ln(^ — ta) (43) 

These fields are the extensions of the normal fermionic fields with the extra zero 
modes included: 

7 ] = 90^ ^ (44) 


^{z)ri{w) 


z — w 


V{z)^{w) 


z — w 


(45) 


The extra zero modes give us the logarithmic structure. The stress tensor is given by: 


T = d^T] = dcfT^dcf)^ 


(46) 


T generates the standard Virasoro algebra at c = —2: 

X -2 2T(0) aT(0) 


We now look for all bosonic primary fields with h = 1 (These were noted by Kausch 
and they are the generators of the SL{2, R) symmetry of the action): 


m 


49 


= (j)^d(j)^ (47) 

= ct>^dct>^ 


There are no others due to the fermionic nature of 0^ and 0^. To ensure closure one 
must also add uj = —0^0^. 

We have the standard OPEs for the primary fields Ja {a = A, B, C)\ 


T(z)J“(0) ~ 


Ja(0) 0Ja(O) 

+ z 


The field uj is the logarithmic partner of the identity and satisfies: 


T{z)uj(A) \ + 


duj{0) 

z 


(48) 


(49) 
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6.2 Logarithmic algebra 


Calculating the OPEs and rescaling the helds then we hnd that these satisfy the fol¬ 
lowing algebra: 


= 


3 



J- 


2J^ 


j\z)j^i<d) 



Inz -I- a; -f 1 Iduj' 




In z -I- cn -I- 1 Iduj' 
^2 + 2~ 


2J3 


(50) 


Where = —2 is the metric for the SL{2, R) group. 

This is now in a very similar form to a normal affine Lie algebra. Our Logarithmic 
’Kac-Moody’ algebra is: 


.r{z)j\o) 

r{z)uj{0) 

U!{z)u!{0) 


kg 


abl^^Z + UJ + l 



~ In z 
~ — In^ ^ — 2a; In 


(51) 


The field ut almost commutes with the currents J“ up to the In 2 ; terms. An algebra 
with indecomposable representations was also commented on in . 

We can now consider our Logarithmic Sugawara construction using our above algebra 
by taking the 0(1) and O(lnz) terms in the OPE expansion of J“(z)J“(0). One finds: 


r{z)r{ 0 ) ~ + l ^ lg^^yinz + t+---' 

\ z^ 2 z , 


(52) 


T = is the normal c = —2 stress tensor as before ([461) . The other held t is 

given by: 




3^2, 3, 


(53) 


This obeys: 


m/ \ /«\ —2 — uj Idcu 2t + T dt 

T{z)m -^ - T— + + - 

z* 2 z'^ z^ z 


(54) 


11 














To make connection with our earlier section we use the general dehnition of a descendent 
held: 


L_2UJ{w) = 


27ri Jz=w z — w 

1 r 1 


2m Jz=w z — w 


T{z)uj(w)dz (55) 

— 7/1 V / 


{z — wY z — w 


/,! o oi2 


+ d'^uj + 2T 


Then: 


\t) - L_2 |a;) - |a;) - -L_2 |0) 


(56) 


(57) 


Therefore the free parameters in our previous expression (^l]) are hxed in this case 
to be a = —1,/3 = —|. Using these values we see that we have complete agreement 
between (^I]) and (^). As we stated previously (5 can be absorbed into a redehnition 
of t but a cannot be. 


6.3 Comparison with VU 3 algebra 

The c = —2 theory is normally classihed using the W (2, 3^) algebra with generators 






(58) 


W- = 0V^50^ 

To ensure closure one must add the stress tensor T = 00i002. 
We get the algebra: 


T{z)T{w) 

T{z)W^{w) 

W‘^{z)W\w) 


-2 ^ 2r(u;) , dT{w) 

T T 


2{z — w)^ (z — w)^ z — w 

3W^iw) 01T“ 

+ 


{z — wY z — w 
r^cd) I 


(59) 


g 


1 ^ T(w) 3 dT(w) ^3d^T(w) 


y (z — tc)® (z — wY 2{z — wY 2 {z — tc)2 [z — tc)2 
^i 03r(^;) ^0(r2)(w)\ 


6 z — w 


z — w 


-5/, 


ab 


WYw) 101U“(u;) 1 d^WYw) I {TWYiw) 


+ 


+ 


+ 


{z — wY 2 (z — wY 25 z — w 25 z — w 


This algebra involves quadratic expressions and is not of a simple linear form. In 
particular it is only associative if certain null states decouple from the theory [^. We 
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do not presently know if there are similarly restrictions are on the value of k in (^ID 
and on the representations allowed. As this is not a chiral algebra the associativity 
cannot be studied from the Jacobi identity and one must instead use the equivalent 
statement in terms of the crossing symmetry of the four point functions. 

Our dimension one helds that we have considered helds are given by = W\uj. 
The above helds are also related to our earlier ’Logarithmic Kac-Moody algebra’ by the 
substitution 0 —>• 50. The currents become the JT 3 triplet and the held ui becomes 
the stress tensor T. 


So far we have only discussed the bosonic primary helds. However there are also 
fermionic h = 1 helds given by 50i, 502 • Closure of the algebra implies that there 
should also be h = 0 helds 0 i, 02 . In fact such an extension of the W{2,3^) algebra 
is also possible by adding the chiral symplectic fermionic helds at h = 1 50^,50^. In 
this way we obtain the maximal extension of the W algebra. This may shed some light 
on the fact that the symplectic fermion theory was found to be the only local theory 
formed from the triplet model . 


7 Conclusions 

We have shown that there are several very diherent structures for the stress tensor and 
its partners in LCFT. In particular in non-trivial c = 0 theories we have demonstrated 
that it is necessary for there to be a primary held of dimension 2 orthogonal to the 
stress tensor. The indecomposable representations are characterised by at least two 
parameters: a and b. For c 7 ^ 0 in order to have a logarithmic partner t to the stress 
tensor we cannot have a non-degenerate vacuum state. In this case t can be a simple 
descendent and in this way all the OPEs of T and t are fully determined. In this process 
there are again at least two coefficients: the central charge c and another parameter a. 
We have shown that extra conserved currents present in LCFT can be used to generate 
these extra helds. We have explicitly demonstrated this in the case of the symplectic 
fermion model at c = —2 using a Logarithmic ’Kac-Moody’ algebra generated by the 
conserved currents. 

There are clearly many further points that we would like to understand. On a tech¬ 
nical level it is currently not possible to write mode expansions for these helds and use 
the Jacobi identity to check associativity and null vector decoupling conditions. One 
can also however study associativity from the consistency of the four point functions 
which should be perfectly feasible. It would be interesting to understand if such non- 
chiral algebras can be used to classify states of the theory as this could oher a diherent 
point of view of theories which are inherently non-chiral. On a more conceptual level 
we know that T generates conformal transformations but it is unclear if such a simple 
description can be found for t. It would be interesting to investigate coset construc¬ 
tions with logarithmic current algebras. It may also be possible to derive them from a 
WZNW type action. 
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9 Appendix: Operator product expansions 

Our starting point will be the 3-point functions for c ^ 0: 

(T(z,)T(z,)T(z,)) = ( 60 ) 

^12^13^23 

(T(z:)T(z,)f(z,)} = 0 ( 61 ) 

(T(z,)f(z,)f(z,)) = 1 ( 62 ) 

^12^13^23 

(T(Zi)T(z 2 )T(z 3 )'^ = — 2+a(c) 2+a(c) 2+a(c) 

^12 ^13 ^23 

The second equation is deduced from assuming a general form and then taking the 
limit Zi —> Z 2 and using the fact that T and T have different dimensions for c 7 ^ 0 and 
so (tt) = 0 . 

As we wish to have well dehned operators T, t they must in particular have regular 
3-point functions. This will be enough to determine the leading behaviour of C(c) and 
D{c). 

In the limit c —0 we get: 


{T{z,)T{z2)nz3)) = 0 


Now consider: 


{T{z,)T{z2)t{z3)) 


It(z,)T(zz) 





b 


~2 ^2 ^2 
^ 122 ' 13^23 


(64) 


( 65 ) 
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Also: 


{T{zi)t{z2)t{z^)) = {T{zi) 

62 c 


-T+^f 
c a 

62 ■ 


(^ 2 ) 


6 6 ~ 
-T + -T 
c n 


(^ 3 ) 


C{c) 


„2 

^12^13^23 




( 66 ) 


62 


^12^13^23 


—I—(1 — 2q;(c) In 2:23 + • ■ ■) 
c n."'c 


Thus we must have C{c) = — 6,2 + ■ ■ ■ for regular behaviour as c —0. 

C{c) = -h^ + Cic + Csc' + ■ ■ ■ 

Expanding (|6^) in the limit zi —> Z 2 we see: 

(2 + aW)(T(.)f(0)) = ij^ 


Thus: 


(2 + a{c)) 


h? 


{2 + a{c))B{c) = C{c) 


+ Bic + 0{c^) \=-h^ + Cic + 0{c^) 


^ +i'^Bi + '^c + 0(c") = -fc" + CiC + O(c^) 


(67) 

( 68 ) 

(69) 

(70) 

(71) 


As expected the 0(1) terms agree. As explained in the text in deriving the two point 
functions we removed the constant Bi by a redehnition of t. For consistency we must 
therefore have: 


26 


Thus 


—261n2:23 + —26 In 2:23 + ^ 

{T{z,)t{z2)t{z:,)) = -^ 


^2 ^2 ^2 
^12^13^23 


~2 ^2 ^2 
^12^13^23 


(72) 


(73) 


Finally: 

{t{Zi)t{z2)t{Z'i)) = 


/ 

6 6 ~ 


6 6 ~ 


6 6 ~ 

( 

-T + -T 
c a 

i.Zl) 

-T + -T 
c h 

(^ 2 ) 

-T + -T 
c h 


{nz,)T(z-,)T(z,)) + D ((f(z,)nz,)nz,) 


+ lT(z,)T(z,)T{zz)) + {T(z,)T(z2)T(zM + - lT(z2)T(z2)T(zz) 


(^ 3 ) 


63 


63 


„2 ^2 ^2 ^2 
C /</! 9/</1 ~ 


12^13^23 


63 0(c) 

6.c2 2:f22:i32:23 


—a(c) . —a(c) —a(c) 


^12 


+ 2 ; 


13 


^23 


(74) 


b -^(^) —a(c) —ck(c) —a(c) 

+ },‘ i„2 ^2 .2 .2 ^12 ^13 ^23 

^ ^12^13^23 
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Now expanding this and using the fact that a(c) is 0(c) and a'(0) = —1/6 we hnd: 


(t(Zi)t(z2)t(z3)} = 


dh( 

h^c 


-2h^ + Do) 


( 75 ) 


(^(^Dq — 2 h^)(lnzi 2 + In Zi 3 + lnz23^ + 3Cihb + Dib^ + 0 ( 1 ) 


Thus if this is to be regular in the limit we must have: 

Dq = 2h^ Di = —3Cih = 
Then from the 0(1) terms we get: 

{t{zi)t{z2)t{z3)) = 


36,3 


— -2-^12 + In^ ^13 + ^23) 

^122:132:231 ^ ^ 

+26 (In 2:12 In 2:13 + In 2:12 In 2:23 + In 2:33 In 2 : 23 ) 

6 1 

— — (In ^12 + In 2:13 + In ^ 23 ) + o )■ 


(76) 


(77) 


where we have dehned the constant a by: 


63 


CL = — (D 2 + 3 O 26 ) 

Expanding these in the limit we get the OPEs stated in the text. 


(78) 
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